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Decoupling of the operators and Sampling

Two Phases (2Ph) Gradient Method

Inverse Problem

g = Au-+mn

» A blurring linear operator

» 1) additive Gaussian white noise
N (0, o%1)

> u,g,n € R* (k number of pixels)

lg — Aul|?
J(u) = 1
likelihood term
regularization term
¢ = (1-norm, F = m-band Wavelet Transform, A = (Am)m=1....m hyperparameters
Estimating A < maximizing px(g) w.r.t A
p(g) = | pale.u)du = [ plglu)pa(u)du
1 —|lg — Aull?
Plglu) = izt P ( 202 )
. M
pa(u) = exp (—AmPm(Fmu)) (2)

f eXp m 1 m¢m(F u))d m=1

The maximization can be performed using a gradient method.

Olog pA(g)
O = Ex[om(Fmu)] — EO,A[¢m(Fm”)]

E defined according to a priori law (2)
E, x defined according to the a posteriori law:

€Xp (_ngjfg\UH2 Zﬂzl )‘mgbm(":m”))
pO',A(u‘g): _Hg_AuH2 M ’
J,exp (82 — SN AmGm(Fnt) ) ds

Operators A and F must be split to be diagonalized in different spaces!

Equivalent criterion to (1):

J(u, w) = 2012,u ((W —(I+ O ') 1+ C)(w — (I + C)_lu))
5palls = AulF) 3 sl Fu

with (I + C)™1 = | — uA*A (i such that u||A*All < 1).

Minimizing J(u) w.r.t u is equivalent to minimize J(u, w) w.r.t (u, w).

New criterion = new PA(g)

palg) = / o(g|u)p(w|u)pa(u) dudw

)

eXp( (w—(I+C)1u>TgO+2§)(w—(I+C)1u>>

plwlu) = (27wo2p)k/2(det(l + C))~1/2

Remark: p(w|u) is a Gaussian law N ((1 4+ C)tu, o?u(l + C) ™)

Compute gradient for standard Gradient Ascent (GA):

Blogfr:(g) = Ex[dm(Fmt)] — Esxu[dm(Fmu)]-

E» can be computed analytically.

E, .\, sample u according to a posteriori law p, x ,(u, w|g).

Rewrite J(u, w) decoupling u and w:

J(u,w) = o2 (||U — w|* + (Cw, W>)
L (el — 200, 4%)) + 3 Amm(Fit).

Both variables estimated in decorrelated spaces (Wavelets, Fourier).

Sampling now possible in reasonable computing time!

1. Generate w samples (Gibbs sampler) according to p(w/ ) (Gaussian).

2. Generate u samples (Metropolis Hastings algorithm) according to:

1
(Fu, FA*g) g Am®Pm( F .
— u, Gl u)

pa(ulw. g) ox exp ( s Fu = P+

Accelerating Gradient Method

adaptive step-size rules

Accelerate gradient methods — . .
line-search strategies

Main difficulty: objective function can't be evaluated

ldea: two phases (2Ph) gradient method.

1. Sequence of simple gradient steps (objective function not needed).
2. Using line-search to ensure reduction of the gradient norm.

Both phases exploit adaptive alternation of Barzilai-Borwein stepsizes:

08B = (s s) /(s o), o=

where s, = AW —\("—1) 34 Yn=Vprn(g) —

— (52" vn)/ (¥ ¥n)s

Vpae-(g)-

Set G(A)=Vpalg), n=1, AXIV=XO 4G, Ff(A)= %HG()‘)HQ
gr=Ff(AY), ¢ check = 0 (evidence of local concavity),
2) = —(GAW + a,G(AM)) — G(AM)),  0,7€(0,1) and integers P, N > 1.

QI
S

~~
Q

gr A — Xl=1))
WHILE | — > 7, or
(gro SN PYCT

1.1 Choose «, and update ¢ _check for local concavity:;

> 7')\) and n < N and ¢ check =0

1.2 Gradient Step: A1) = A0 4 o, G(AM), n=n+1,

1.3Set gr = MaXo<j<min(n,P—1) f()\(”_j));
ENDWHILE

gr A7) — A1)
WHILE | — > 7, or > T
(gro ‘ [ 2G|

2.1 Choose «,:

2.2 Line-search:

IF (A + a,G(AM)) < gr — 7]|a2G(AM)||? THEN

set A7) — \(n)

a,G(A) and n = n + 1;
ELSE IF (A — a,g,(a)) < gr — 7[|a2G(AM)]|> THEN
set A1) = X" — o, g,(a,) and n = n + 1;

ELSE set o, = 6a, and go to Step 2.2; ENDIF

2.3 Set g = MaXp<;<min(n,P—1) f(A(n_J))'
ENDWHILE

Numerical Results

Estimated \,, for simulated data
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| ‘ Problem Alg. It. SNR;,i:i SNRy,
N ITaé»le:dSIEulatedEata | Mandrill 256 2Ph 883 12.1616 14.2324
g. It. Grad. Errpy Errey | time GA 1000 12.1616 14.0051

éF;h 48(1) 488 888; 88;1) 1;‘;3)? Barbara 5122 2Ph 785 18.5272 19.5316
007 0. | GA 1000 18.5272 19.3655
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