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STATEMENT OF THE PROBLEM

Constrained least squares problem
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simple - .
> m < n,nvery large, A;; > 0, A not in memory constraints <z <uAw x=c

(only matrix-vector operators involving A and A’ available) = l<z<uAw'z<p

NON-SCALED STATE OF THE ART APPROACHES

1
min f(x) = 5 Az — b|5 non-expensive O(n) projection onto ¢

> ) C R", nonempty closed convex set defined by simple constraints

Target imaging applications:

e fiber orientation from dif-
fusion MRI data;

o tomography

Gradient Projection (GP) Gradient Projection with extrapolation (GP_Ex)

[Birgin-Martinez-Raydan, SIAM ].Optim., 2000]
Pt = ) 4\ (Po(x® — o, V(™)) — 2®)

Step-length selection ay: recent rules based on Ritz-like values overcome popular
Barzilai-Borwein rules [Fletcher, Math. Program., 2012], [Porta-Prato-Zanni, J. Sci. Comp., 2015]

ACCELERATION STRATEG SCALED GP (SGP) ALGOR

cgs 1 . 0
Exploit scaled gradient directions Initialize: =¥ € Q,¢ > 0,6,0 € (0,1),00 > 0, D9 € D,
fork=0,1,...,
dy = —D,Vf(x™), D,eD, d® — p

—1
Q,D,

(w(k) — akaVf(ZB(k))) — ZB(k)

where D, is the set of symmetric positive definite

AN = 1
matrices with eigenvalues Tgk) s.t.0< L < T(k) <
5 7 o =13 =Pk while f(z™ + \.d™) > f(2™) + o\, Vf(2")TdP

(scaled gradient projection step)

) = Po(y™ —av f(y™)),

g ) = ) 4 g, (2 — gk

Suitable choices for the By parameter: [Bertsekas, Convex Opt.Theory, 2009],

[Beck-Teboulle, SIAM |. Imaging Sci., 2009]

SC

ALED GP EX ALGORIT

Initialize: z(©) € R ¢ > O,y(o) —2V 0<d<1l,a>2,

ag > 0,D0 €D,

fork=20,1,...,

1Lz =P, (y(k) — akaVf(y(k)))

"k

(scaled gradient proj. step)

if f(xt1)) > fy®)) 4 V(yE)T (@bt — 4 (k)
+ g [l — gy )2

k
Ak = 0Ag (backtracking step) ar = dag; goto 1.; (backtracking step)
end end
gD — p(®) 4\, gk) if |t — ™| <¢||x®||, break; end

1 { (%) } }) if |2*t) —2® || < ¢)|z®|, break; end Brr1 = s Qryl = o

D), = diag (max{ E,min Ok, T A

Diagonal scaling matrix: the updating rule

define the diagonal scaling matrix Dy.1 € D, ., y ) = k) 4 3, (m(’”” — w(k)) (extrapolation step)
(scaling updating rule)

~ define the diagonal scaling matrix Dy 1 € D, |
where p; = \/ 1+ — withy >0and p > 2 define the step-length a1 (step-length updating rule) (scaling updating rule)

k end

CONVERGENCE ANALYSIS
SGP method

Scaled GP Ex method

> Let f be convex

(k) k=00, o« > Let f be convex (k) k—=oo
> Let the solution set X* be not empty . * & v e
- xr* e X . r* c X*
. . > Let the solution set X* be not empty )
> V f globally Lipschitz on () | W) pr o O
> o € | L 0< _ fE — =0 (E) > V f Lipschitz continuous on 2 A A (k—1+a)?
895 Aminy Omazx], Umin > COmax

| Bonettini-Porta-Ruggiero, SIAM |. Sci. Comput., 2016]
[Bonettini-Prato, Inverse Problems, 2015]

NUMERICAL RESULTS

Estimating the fibre orientation from diffusion MRI data

Let V be the number of voxels into a brain region GP_Ex GP | Scaled GP_Ex SGP
e Voxel-by-voxel approach: solve V minimization problems iterations 649 589 390 365
seconds 19.61 24.19 9.38 12.73

min 1‘|(I)m><na3(v) — b(”)Hz sub.to x>0 :
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e Whole region approach [Aurfa-Daducci-Thiran-Wiaux, Neurolr., 2015] Y
. . . . . . 10"k 10k ";
exploit voxelwise sparsity + spatial coherence in neighbour voxels : : : “\"
=> reweighted /1-minimization scheme: solve a sequence of pb. of type £ D S ,
L % - N
.1 2 102 ¢ kY 102} i
min = ||®yxnyX — BJ|, sub.to X >0, | X|,, , <K | |
X 2 2 W1
- M =m-V =19200 o 5 3
? 10100 - ”1l(l)1 - ”1l(l)2 - ”1l03 1010'2 o 1(I)1 o 1(I)0 o 1(I)1 o ""1'02
— N=n-V =257280 l ; o/’ lterations Time
- K =Fk-V = 3840 e z ‘ Err:= |[®px v X — BH2 — [P N X — BHZ,whereX is the approximated solution and
°s 4 B X * is a ground-truth, obtained by executing GP_Ex with very high accuracy.
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